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Introduction

@ On the lattice, we wick-rotate to Euclidean momentum to avoid the
numerical sign problem.

Ty —> iy, Po — P4
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Introduction

@ On the lattice, we wick-rotate to Euclidean momentum to avoid the
numerical sign problem.

Ty —> iy, Po — P4

o Therefore, lattice simulations give G(p4), for p2 > 0.

@ Analytically this has a unique analytical continuation to Minkowski
p3 <0.

o Numerically this is very sensitive to noise: ill-defined.
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Kallén—Lehmann representation

Strategy: find the Kallén—Lehmann representation.

G = [~

oo W — ip4

Where p(—w) = —p(w).
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Kallén—Lehmann representation

Strategy: find the Kallén—Lehmann representation.

G = [~

oo W — ip4

Where p(—w) = —p(w). The challenge: find p(w) for given lattice data py
vs G(pa).

Glpa) (pa)
0.06 P
020 === BW(m=10,7=10,9=0.0) == BW(M=3.0,y=10,5=0.0)
\,
N\ 0.05 N\
\, A
0.08 \ FER
\ [
\. FEERY
\ 0.04 /
\. / \
\ \
\ ! \
0.06 \ ] \
E N, 3003 h \
5 N 3 / \
N / \
0.04 N K \
. 0.02 / \
. / \
~ /! .
0.02 N 0.01 / N
------- 4 .
0.00 L — e

Martin Roelfsl, Paulo Silvaz, David Dudal® , Spectral representation of lattice gluon- and ¢ June 29, 2018 5/31




Kallén—Lehmann representation of unphysical propagators

@ The two-point functions of gluons and ghosts are not gauge invariant
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Kallén—Lehmann representation of unphysical propagators

@ The two-point functions of gluons and ghosts are not gauge invariant
— not observable

e For observable quantities, p(w) > 0.

@ Therefore, we expect positivity violations! Specifically:

/OOO wp(w) dw =0
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Inverting G: Naive approach

G(py) = /oo de = /OO K(pg,w)p(w)dw, K(ps,w) = 1

—oo W — P4 —c0 W — P4
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Inverting G: Naive approach

G(p4)=/oow_zp4 / K(ps,w)p(w) dw,  K(pa,w) = —

w — 1p4

o G(ps) = G, K(ps,w) = K, p(v) = 7
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Inverting G: Naive approach

G(p4)=/oow_zp4 / K(ps,w)p(w) dw,  K(pa,w) = —

W — 1pg

o G(ps1) — G, K(ps,w) = K, p(v) — §
o G=Kpg = find p using a Least-Squares approach since it is an
underdetermined system.
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Inverting G: Naive approach

&0 1
G(p4) = / w— ’lp4 / K p4a )d ; K(p4aw) = w— ’lp4

o G(ps1) — G, K(ps,w) = K, p(v) — §
o G=Kpg = find p using a Least-Squares approach since it is an
underdetermined system.

Problem
K has small singular values, making it ill-conditioned on the numerical
level — ill-defined inversion problem
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Sophisticated Approaches

More sophisticated methods have been proposed.
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Sophisticated Approaches

More sophisticated methods have been proposed.
e Maximum Entropy Method (MEM)
e Backus-Gilbert Method (BG)
@ Schlessinger Point Method (SPM)

@ Tikhonov Regularization
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Tikhonov Regularization

112
RSS = HKﬁ— GH . minRSS
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Tikhonov Regularization

2
RSS = M min RSS

S112
Iy = HKﬁ— GH FAA2 minJy

or
Ir=(Kp— G S (Kp— G) + Allpl

when including the covariance matrix X.
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Tikhonov Regularization

2
RSS = M min RSS

S112
Iy = HKﬁ— GH FAA2 minJy

or
Ir=(Kp— G S (Kp— G) + Allpl
when including the covariance matrix X.

+ Easy to implement

— No unique criterion to choose A.
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How to select the optimal A?

=2 =002 % =0.003
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Too small lambda values mean no regularization at all: over-fitting. Too
large results in over-smoothing.
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Our preferred solution: Morozov's discrepancy principle

We have data G, with standard deviation o,
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Our preferred solution: Morozov's discrepancy principle

We have data G, with standard deviation o,

|G- & <131 (1)
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Our preferred solution: Morozov's discrepancy principle

We have data G, with standard deviation o,
|Gre = & < 10 (1)

We therefore minimize
102
h=|[K7- & + P 2)

S112
subject to HK,E’— GH = ||@]|*. This has a unique solution.
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Tikhonov Regularization
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Tikhonov Regularization
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Tikhonov Regularization

_/dew_Gn

—oo W — 1Dp

2 %)
+ )\/ p(w)? dw

—0o0

cn::/ de—Gn

—oo W — 1Dn

For a given A

1< 1 ¢
p(V)Z_XZo—_gy—ipn (3)
n=1
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Toy Models
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Reconstruction Process
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Reconstruction Process

P8 — G G € N(GIE, (eGE5)?)

Weighted reconstruction of G

-=- Original
° 0.1% N=1(1)
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Reconstruction Process
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Martin Roelfs! David Dudall,

BW-model reconstruction
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BW-model reconstruction

Niees = 128
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Figure: BW(M = 300MeV, v = 100MeV, v = 0)
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Integrals are preserved within statistical error with Tikhonov reconstructionJ
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Quality of the fit
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fo w)w dw = 0 model

For gluons we expect the following sum rule:

/OO p(w)wdw =0 (4)
0
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fo w)w dw = 0 model

For gluons we expect the following sum rule:

/OO p(w)wdw =0 (4)
0
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Lattice Data
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Observation
T = 0 Gluon propagator data, 80 lattice, 8 = 6.0, normalised at 3GeV
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Figure: Gluon Propagator
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Observation
T = 0 Gluon propagator data, 80 lattice, 8 = 6.0, normalised at 3GeV
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Wo VS

T = 0 Gluon propagator data, 80 lattice, 8 = 6.0, normalised at 3GeV
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Gluon Propagator
T = 0 Gluon propagator data, 80 lattice, 8 = 6.0, normalised at 3GeV
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Figure: Left: Gluon propagator. Right: Gluon spectral density
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Ghost Propagator

@ The ghost is a massless particle.
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Ghost Propagator

@ The ghost is a massless particle.

@ Therefore, its spectral density has a §-peak at w = 0.
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Ghost Propagator

@ The ghost is a massless particle.

@ Therefore, its spectral density has a §-peak at w = 0.

@ Numerical inversions don't like d-peaks.
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Ghost Propagator

The ghost is a massless particle.
Therefore, its spectral density has a §-peak at w = 0.

Numerical inversions don't like §-peaks.

It can be avoided by inverting g(p) = p?>G(p) instead.
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Ghost Propagator

T = 0 Ghost propagator data, 80* lattice,
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Conclusion/Outlook

+ Tikhonov Regularisation is competitive with the other tools on the
market today

+ Easy to implement
-+ Gluons and ghosts both display positivity violations, as they should
+ Study T > 0 datasets, especially around the critical temperature
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ip-Formalism, weighted vs unweighted
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ip-Formalism, weighted vs unweighted

p(pa)

=== orig
—— 1%, unweighted
—— 1%, weighted

p(pa)

Pa
Figure: Weighted vs unweighted, resp. N;, = 256

Weighted performs better in the UV, use the weighted algorithm _from now
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Reproducibility /Stability
Does every sample G, € N(G,, (€Gy)?) give approximately the same \?
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Figure: Bootstrap, N = 1000. Fixed ¢ = 0.1
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Reproducibility /Stability
Does every sample G,, € N'(Gy, (¢G,)?) give approximately the same \?

—— Fit Nyes = 32, N = 1000
—— Fit Nyes = 64, No = 1000
—— Fit Nyes = 128, Ny = 1000
—— Fit Nyes = 256, Ng = 1000
—— Fit Nyes = 512, Ng = 1000
—— Fit Nyes = 1048, Ng = 500

2.0 A

Figure: Bootstrap, N = 1000. Fixed ¢ = 0.1
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fo w)w dw = 0 model

For gluons we expect the following sum rule:

/OO p(w)wdw =0 (5)
0
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fo w)w dw = 0 model

For gluons we expect the following sum rule:

/00 p(w)wdw =0 (5)
0

Nes = 128

0.020

0015

Toy model

0.010

-1 A 0.005
p(w) = w4+4 + WG+2 v \/5 : 0.000

p(—w) = —p(w)

lpa)

~0.005

~0.010

—0.015
0.0

Martin Roelfsl, Paulo Silvaz, David Dudal® , Spectral representation of lattice gluon- and ¢ June 29, 2018 29 /31



fo w)w dw = 0 model

For gluons we expect the following sum rule:

/OO p(w)wdw =0 (6)
0
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fo w)w dw = 0 model

For gluons we expect the following sum rule:

/00 p(w)wdw =0 (6)
0
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[ p(w)wdw = 0 model, ip vs p?
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