
.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Spectral representation of lattice gluon- and ghost
propagators

IDPASC Coimbra 2018

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2

1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53
bus 7657, 8500 Kortrijk, Belgium

2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra,
3004-516 Coimbra, Portugal

June 29, 2018

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon- and ghost propagators June 29, 2018 1 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Outline

1 Introduction
Källén–Lehmann representation
Tikhonov Regularization

2 Toy Models
Breit-Wigner model∫∞

0 ρ(ω)ω dω = 0 model

3 Lattice Data
Gluon Propagator
Ghost Propagator

4 Conclusion/Outlook

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon- and ghost propagators June 29, 2018 2 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Introduction

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon- and ghost propagators June 29, 2018 3 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Introduction

On the lattice, we wick-rotate to Euclidean momentum to avoid the
numerical sign problem.

x0 → ix4, p0 → ip4

Therefore, lattice simulations give G(p4), for p2
4 > 0.

Analytically this has a unique analytical continuation to Minkowski
p2

4 < 0.
Numerically this is very sensitive to noise: ill-defined.
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Källén–Lehmann representation
Strategy: find the Källén–Lehmann representation.

G(p4) =

∫ ∞

−∞

ρ(ω)

ω − ip4
dω

Where ρ(−ω) = −ρ(ω).

The challenge: find ρ(ω) for given lattice data p4
vs G(p4).
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Källén–Lehmann representation of unphysical propagators

The two-point functions of gluons and ghosts are not gauge invariant

→ not observable

For observable quantities, ρ(ω) ≥ 0.
Therefore, we expect positivity violations!

Specifically:∫ ∞

0
ωρ(ω)dω = 0
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Inverting G: Naive approach

G(p4) =

∫ ∞

−∞

ρ(ω)

ω − ip4
dω =

∫ ∞

−∞
K(p4, ω)ρ(ω)dω , K(p4, ω) :=

1
ω − ip4

G(p4) → G⃗, K(p4, ω) → K, ρ(ν) → ρ⃗

G⃗ = Kρ⃗ =⇒ find ρ⃗ using a Least-Squares approach since it is an
underdetermined system.

Problem
K has small singular values, making it ill-conditioned on the numerical
level → ill-defined inversion problem
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Sophisticated Approaches

More sophisticated methods have been proposed.

Maximum Entropy Method (MEM)
Backus-Gilbert Method (BG)
Schlessinger Point Method (SPM)
Tikhonov Regularization
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Tikhonov Regularization

RSS =
∥∥∥Kρ⃗− G⃗

∥∥∥2
, minRSS

Jλ =
∥∥∥Kρ⃗− G⃗

∥∥∥2
+ λ∥ρ⃗∥2, min Jλ

or
Jλ = (Kρ− G)TΣ−1(Kρ− G) + λ∥ρ∥2

when including the covariance matrix Σ.
+ Easy to implement

– No unique criterion to choose λ.
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How to select the optimal λ?

Too small lambda values mean no regularization at all: over-fitting. Too
large results in over-smoothing.
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Our preferred solution: Morozov’s discrepancy principle

We have data Gn with standard deviation σn

∥∥∥G⃗re − G⃗
∥∥∥ ≤ ∥σ⃗∥ (1)

We therefore minimize

Jλ =
∥∥∥Kρ⃗− G⃗

∥∥∥2
+ λ∥ρ⃗∥2 (2)

subject to
∥∥∥Kρ⃗− G⃗

∥∥∥2
= ∥σ⃗∥2. This has a unique solution.

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon- and ghost propagatorsJune 29, 2018 11 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Our preferred solution: Morozov’s discrepancy principle

We have data Gn with standard deviation σn∥∥∥G⃗re − G⃗
∥∥∥ ≤ ∥σ⃗∥ (1)

We therefore minimize

Jλ =
∥∥∥Kρ⃗− G⃗

∥∥∥2
+ λ∥ρ⃗∥2 (2)

subject to
∥∥∥Kρ⃗− G⃗

∥∥∥2
= ∥σ⃗∥2. This has a unique solution.

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon- and ghost propagatorsJune 29, 2018 11 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Our preferred solution: Morozov’s discrepancy principle

We have data Gn with standard deviation σn∥∥∥G⃗re − G⃗
∥∥∥ ≤ ∥σ⃗∥ (1)

We therefore minimize

Jλ =
∥∥∥Kρ⃗− G⃗

∥∥∥2
+ λ∥ρ⃗∥2 (2)

subject to
∥∥∥Kρ⃗− G⃗

∥∥∥2
= ∥σ⃗∥2. This has a unique solution.

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon- and ghost propagatorsJune 29, 2018 11 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Tikhonov Regularization

Jλ =

N∑
n=1

1
σ2

n

∣∣∣∣∫ ∞

−∞

ρ(ω)

ω − ipn
dω − Gn

∣∣∣∣2 + λ

∫ ∞

−∞
ρ(ω)2 dω

cn :=

∫ ∞

−∞

ρ(ω)

ω − ipn
dω − Gn

For a given λ

ρ(ν) = − 1
λ

N∑
n=1

1
σ2

n

cn
ν − ipn

(3)
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Toy Models
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Reconstruction Process
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Figure: BW(M = 300MeV, γ = 100MeV, ν̄ = 0)

ρ(ω) =
1
π

2ωγ
(ω2 − γ2 − M2)2 + 4ω2γ2

Integrals are preserved within statistical error with Tikhonov reconstruction
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∫∞
0 ρ(ω)ω dω = 0 model

For gluons we expect the following sum rule:∫ ∞

0
ρ(ω)ω dω = 0 (4)

Toy model

ρ(ω) =
J1(ω)J3(ω)
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Observation
T = 0 Gluon propagator data, 804 lattice, β = 6.0, normalised at 3GeV
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The datapoint at p4 = 0 is very
poorly reconstructed.
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ω0 vs α
T = 0 Gluon propagator data, 804 lattice, β = 6.0, normalised at 3GeV
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Gluon Propagator
T = 0 Gluon propagator data, 804 lattice, β = 6.0, normalised at 3GeV
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Ghost Propagator

The ghost is a massless particle.

Therefore, its spectral density has a δ-peak at ω = 0.
Numerical inversions don’t like δ-peaks.
It can be avoided by inverting g(p) = p2G(p) instead.
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Ghost Propagator
T = 0 Ghost propagator data, 804 lattice, β = 6.0, normalised at 3GeV
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Conclusion/Outlook

+ Tikhonov Regularisation is competitive with the other tools on the
market today

+ Easy to implement
+ Gluons and ghosts both display positivity violations, as they should
+ Study T > 0 datasets, especially around the critical temperature
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Reproducibility/Stability
Does every sample Gn ∈ N (Gn, (ϵGn)2) give approximately the same λ?
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∫∞
0 ρ(ω)ω dω = 0 model

For gluons we expect the following sum rule:∫ ∞

0
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∫∞
0 ρ(ω)ω dω = 0 model

For gluons we expect the following sum rule:∫ ∞

0
ρ(ω)ω dω = 0 (6)
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