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Scattering processes



Questions and motivations

Is the environment affecting gravitational waves propagation?

Which is the effect of an impinging wave hitting on a binary
system?

Is this phenomenon sharing some aspects with the classic
electromagnetic counterpart?



ES

Incident

Figure 1: Scattering setup. [LA, Bernard, Blas, Cardoso: to be published
(2018)]



EM Review

Perturbed dipole: linear perturbation theory.
Circular orbit: resonant frequency appears for Q = 2wy.
Scattered radiation: £steed — E 4 E,, (+Ey).

Scattered cross section: in the high frequency limit, it agrees
with standard, classical results.
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Gravitational wave scattering



Preliminaries
Incoming monochromatic GW at a frequency Q:
Hj = H; cos(Qt — k z) e;JrHX sin(Qt —kz) ef.

Einstein equation:

1
oMy = 60741-6 THY + /\;U/7 | — v + HHY

Post-Newtonian iteration of the field equations to find the
potential entering the space-time metric of the system.
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Framework

The geodesic equations give us the acceleration felt by each
particles.

From the acceleration to the Lagrangian and then to the
Hamiltonian.

Conservation laws: linear momentum, angular momentum,
variation of energy etc.



Methodology
Approach based on angle-action variables
(r797 ®, pr7p9ap§0) = (Jivel')
Perturbation theory in angle-action variables to describe the

evolution of the perturbed Keplerian problem.

It is possible to relate the new set of variables to the orbital
elements (a, ., etc.)



Results...

Evolution of the Keplerian parameter: wave parallel and
perpendicular to the orbital plane.

Resonances appearing when the frequency of the incoming
wave is an integer multiple of the orbital frequency.

The scattering cross section can be computed, generically for
any binary orientation and any incoming gravitational wave.



...and more results

In the high frequency limit, the cross section for either edge- or
head-on configurations is the same,

4624 n2cPy x3/2 wo
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2/3
where x = (%) )

Scattered gravitational wave: the ratio between the
scattered-wave amplitude and the incident wave can be of order
109 for known pulsars.



Modifications to GR




Lovelock’s theorem

Higher dimensions WEP violations

A

Extra fields a

| Diff-invar. violations

Nondynamical fields Massive gravity Lorentz-violations

(SEP violations)

‘ Dynamical fields

Palatini f(R) dRGT theory Einstein-Asther
Eddington-Born-Infeld Massive bimetric Horava-Lifshitz
gravity n-DBI

Scalar-tensor, Metric f(R) Einstein-Aether TeVeS
Horndeski, galileons Horava-Lifshitz ~ Bimetric gravity
Quadratic gravity, n-DBI

Figure 2: Zoo of modified theories of gravity. [arXiv/gr-qc:1501.07274]



Vector-Tensor theories



Framework

Action for vector-tensor theory

1 v
Sirx = 15 / d*xv=g[R — Fuu F* + wX, X*R +nX"X"R,,|

Equation of for the vector fiels,

1 1
(72 wo_ vpp
F szX 277X Ry =0

Questions

For high compact objects, is here a vectorized solution?

Which is the nature of the instability that drives these new
solutions?



Stability of flat stars (n = 0)
Let’s linearize the equation:
Ft 4+ 4nGuwX*T =0,

and decompose the perturbation:

0 fm(t, 1) Yim
Z 0 o him(t, r)Yim
" am(t, r)(sin )10, Yim Kim(t, r)09 Yim ’
—am(t, r)sin 00y Yim Kim(t,r)0g Yim

Master equation for axial sector:

F(rG(r)ajm + %a;m (G(NF'(r)+ F(NG'(n)
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Axial (in-)stability results
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Figure 3: Unstable solutions for flat stars in the phase-space. [LA, Cardoso,
Gualtieri (in preparation, 2018)]



Methodology for vectorized stars

Find the modified Tolman—Oppenheimer—Volkoff equation
(TOV): system of equations concerning with the structure of a
spherically symmetric body in gravitational equilibrium.

Integration of the TOV from the center to the boundary (radius)
of the star and from there to spatial infinity.

Vectorized solution will be given by a non trivial value of the
vector field inside the star.



Results




Final considerations




The study of the scattering process gives us a first idea on the
interaction between astrophysical system and gravitational
waves.

Via precision GW astronomy it will become more important to
have models to understand these interactions.

The possibility to have non trivial configurations for neutron
stars or black holes lead us to be endowed with a tool to
distinguish between the different theories of gravity.
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What’s next?



Future...
Vector-tensor solutions.
Generalization toward a general Einstein-Proca theory?
Inclusion of a scalar field? Black hole solution?

Consequences of GW scattering?

Stars as detectors: GW noise background?




Appendix




Classic dipole physics
Action:
3 FWF _ Al 2 _ a2 2
S= [ d®dt |- AR LRI 1+ [ dr(my+mp).

Radial equation:
412 2¢?

- M2r8 T Mr?

where L = Mr?¢/2.
Dipole definition:

- . . Mo — QoM ., =
d=q1”1-|—¢72"2=7q1 2= Ry _ (Cﬁ—%)ﬂ

my + my m m
Differential intensity emitted:

2
dl = CLROdOH I= o 3|d|2.



Electromagnetic scattering framework 1

Perturbation vector potential:

by by, o

Al A AR — <1+,A1+Aw),
B C
by D,

Ag —>A5+Aff) = <2 + 7A2+Aw)
C B

Equation of motion:
o + -
Aow = 22 (E )ou,

m
5o » 2
r:mgz,H(%_qz)(Ew) .
wolr] my  mp M

Angular momentum variation:



Electromagnetic scattering framework 2
Perturbative expansion:
L(t) = Lo + E,Li(t) + O (E2) .

r(t)=ro+ E,g(t).

2u(1)
= r’m

= wp + Epr.
Equation of motion:

RCM - CM,

5 11 g Q) [z
' VF”+<m1 m)(agm'

Angular momentum variation:

dL 2qﬁ (E )CM ’

B _ Q1 t+Q g
—%(E,)
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Electromagnetic scattering radial solution

M2r3(wE — Q2)
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Electric field

EZp(t)

XRO
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Cross section

Definition:

Poynting vectors:

do = d\é:at.
do (Se) B2
do (S.)y
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Stars as resonant absorbers of gravitational waves
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Lorge Separotion

BINARY SYSTEM

Figure 4: Sketch of the GW scattering. [Turner, 1979ApJ233]
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Einstein equations

Ky v
G* = 87T4G ,U,l/ THY — E VaVa 5(3) (X _ yA) :
C vavg
A=1, 2 _g/)(r 2

Defining the gothic metric g#¥ = /—gg"” and the tensor
Hﬂal’ﬁ — ga/jg/“’ — gal’gﬂu:

aa[? Hu(xuﬁ — (_g) (2G/w 16C7TGtMV) 7

We can rewrite the field equations as

167G 167G
C

o = THANT, W = =l 0,70 = oo Ops I

A is at least quadratic in the gravitational field.
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Post Newtonian potentials

Parametrization of the metric by the usual PN potentials, using
the variable h% = pO0 4 pi:
i 4V’
00ii __
h I — 773

+0(c™), h=

4v el .
= +0(c™%), W =0(c?).

Decomposition of V in a Newtonian part and a linear in H
contribution, V = Vi + V.

Gm1 sz
VW= —+—=.
N a iy I
Vy= A [—Habaab (G'm + szﬂ .
ry r.
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Geodesic equation

with
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Angle-action formalism 1

Lagrangian in the center-of-mass coordinates, using spherical
coordinates (r, 0, ):

= L Gm 1, 5

L:ml/ T‘f’ir +§I’ (9 +S|n 9@)
we determine the conjugate momenta py = dL/dx and the
reduced Hamiltonian:

Ho = pif+peb+ppp— L
Gm 12 1

1
. o 2 a2
= T T ePr TPt S 2P

The angular momentum L = r A v is then given by

Py
L = Lg = ——— L, =pg.
r=0, 9 <nd’ © = Po .



Angle-action formalism 2

From (r,0, ¢, pr, Py, p,) to angle-action variables using the
modified Delaunay variables.

Gm Gm
h=—x, b=——==-L, J=L-L,.
3 —oF 2 —oF 1 z
The Hamiltonian is Ho = —% and the frequencies are:
3
G2m?
93277 (22:07 Q1:0
3

The angles 6;, conjugate variables of the action J;, are then linear
in time.

30



Delaunay variables and orbital elements

J3

Gma, J= Gma(1—ﬂ),

Jio= Gma(1 — e?) (1 —cost) ,
b = I+wtd, o——(w+v), b——0.
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Perturbative angle-action 1

H:ﬁo(J)—F’Fh (6,4,1) ,

The perturbation is small: unperturbed (Newtonian) results to
evaluate 7 and its derivatives. Secular evolution obtained
averaging over one orbit.

Let’s define a new set of canonical angle-action coordinates
(Bnew, Jhew) such that the Hamiltonian will only depend on the
action variables.
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Perturbative angle-action 2

This transformation is valid only when k - Q° (J) # 0. The case
k-Q°WJ)=0,

is called the problem of small divisors and it describes the
appearance of a reasonance at the corresponding frequency.

G2m?
n

Q=+
S

- Gm 1 - 1. w
L = e |:1 +2H,-jn’n’] +§I’2 [1 —H,-,-n’rﬂ
. . 1 o
+ %rz 0% [1 — Ho'¢'] + 5 r? sin9 o [1 — Hyp'¢]

— rrOHN'Y —rsin@roHin'e —r? sinf 0o Hif'
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.» ascending node

Figure 5: Three dimensional configuration of the binary system with explicit
reference to the Keplerian parameter. [LA, Bernard, Blas, Cardoso (2018)]
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Constraints by binary pulsars

P 8 um? wm 2

ws—m
—=——"—-#r1 — —rplag — ag)z, KD = ZQST“J@(W —m,)

P 5 r4 r3

ool O—

L 100

LLR

. B1534+12
B0 e
E——
s
| 1072

e
N J1141-6545

Cassini
1173840333
1031
10740
-6 0

Bo

-4 -2 0 2 4 6

If the scalar field is massive, g doesn’t obey to this limit!

2
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Figure 6: Spontaneous symmetry breaking in spontaneous scalarization
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Vector-Tensor Einstein-like equation

1 1
R;w - Eg;AI/R+W (A/LAVR + CDR;W - EQHVCDH - ¢;;w + Q;WDZQ))
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TOV in vector-tensor

A system of differential equations as:

m' = m'[m(r), e(r), v(r), p(r), Xo(r), Xo(r)]
vi=v[m(r),e(r), v(r), p(r), Xo(r), X5(r)]
p'=p/Im(r),e(r),v(r), p(r), Xo(r), X3(r)]
Xo = Xglm(r), e(r), v(r), p(r), Xo(r), X5(r)]

Next step is search for the coefficient describing the expansion at
the center of the unknown functions:

m— msrd, p— po+pir+ %r2

€2 o
6—)60+61r+§r

X
Xo — XO’C+X0’1F+ %I’Q, Xé — X0’1X072f
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Lovelock Theorem

"In four spacetime dimensions the only divergence-free symmetric
rank-2 tensor constructed solely from the metric g,,, and its
derivatives up to second differential order, and preserving
diffeomorphism invariance, is the Einstein tensor plus a cosmological
term.”

1
GMV = RPW - EQMUR = 87'('7—’“/.
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Action in the Jordan (or Physical) Frame

S= /d4x\/jg[¢h_ w(¢)

- 109,09, = V(O] + Snltm. Bl

EoM in the Jordan-Frame (JF)

= 1. 8ra, o P
Fﬁw — EQW :?ﬂ TMV alx ng) (vu¢vu¢ - ég;wv ¢vo¢)
1 - V(o) .
+ g(vuvu(é - gMVD¢) - 2(;5))guv7
- em dua = av
(2w + 3)Clp =87 T — as7 OV b+ i 2V,

where THv = —2(—@)_1/258m[waQuu]/agul"
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Conformal transformation rules 1

Let’s introduce the CT Q:

G =Q72gu, G =0g", V/-g=*/=g.

With this CT it is possible to show that the Ricci tensor in the JF can
be expressed as a function of the new conformal metric g,,..:

R = Q%|R + 600f — 6g"“ 1,1, ],

where 5.0
fu=0u(InQ) = HT

With scalar field (and potential) redefinition:

20(¢) + 3 d¢

dp = 16 ¢
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Conformal transformation rules 2

...and after some manipulations to get the usual kinetic term and
defining the coupling function A(y), we can find:

Ser = /d“x\ﬁ[ﬁ'— 59" VuoVup = U(@)] + Smltom, A2(0)guu]-

EoM Einstein-Frame (EF)

1 1
R — EQWH =8r T[ZL + (VupVup — EQWVU(PVU@) - U(¢)guv,

au(y)
dp ’

Op = —4na(p)T +

where T = —2(~g)~"/26Sm[v), A*(2)Gyu] /OG-
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Scalar-Tensor Frames Highlight

The Jordan Frame is called the physical frame, because particles
follow the same geodesic as the ones defined by GR: universality of
free falling.

In the Einstein Frame, since the matter is directly affected by the
scalar field value, the Strong Equivalence Principle is not
satisfied.
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Ramazanoglu’s vector-tensor
The action of the theory is:
/ F*x\/=GIR = Fou F* — mPX, X"] + Smltm: @ 2Gj]

where X, is the Vector field that couples with the metric tensor
directly in the matter action.

The conformal transformation used is:

Q2= e f withy = X, X"
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